In this paper we study the supermultiplet structure of N = (1, 1) General Massive Supergravity at non-critical and critical points of its parameter space. To do this, we first linearize the theory around its maximally supersymmetric AdS 3 vacuum and obtain the full linearized Lagrangian including fermionic terms. At generic values, linearized modes can be organized as two massless and 2 massive multiplets where supersymmetry relates them in the standard way. At critical points logarithmic modes appear and we find that in three of such points some of the supersymmetry transformations are non-invertible in logarithmic multiplets. However, in the fourth critical point, there is a massive logarithmic multiplet with invertible supersymmetry transformations.
Introduction
Logarithmic conformal field theories (log CFTs) [1] are conformal field theories in which the Hamiltonian is non-diagonalizable but where instead the operator spectrum decomposes in non-trivial Jordan cells. Certain operators are thus accompanied by so-called 'logarithmic partner' operators, with which they form a Jordan cell. Log CFTs are typically non-unitary and hence they can be used to describe systems where non-unitarity is a feature, such as open quantum systems or systems with (quenched) disorder. Indeed, log CFTs have been considered in condensed matter physics and statistical mechanics in a variety of contexts, such as e.g. two-dimensional turbulence, critical polymers, abelian sandpile models, percolation, the fractional quantum Hall effect and systems with (quenched) disorder (see e.g. [2, 3] for references).
Jordan cells can also be found in gravitational theories in anti-de Sitter (AdS) space-times that include higher-derivative terms for the metric field. This was remarked for the first time in [4] in the context of so-called Topologically Massive Gravity (TMG), a three-dimensional gravity theory that includes a parity-violating three-derivative term for the metric. TMG is a specific instance of so-called 'General Massive Gravity' (GMG) theories [5, 6] , that extend TMG with higher-derivative terms for the metric with up to four derivatives. Upon linearizing GMG theories, one ordinarily finds that their spectrum of linearized modes can be organized in eigenstates of the AdS Hamiltonian that correspond to 2 massless graviton modes (that are pure gauge in three dimensions) and 2 massive graviton modes. For particular tunings of the GMG coupling constants however, one finds that some of the linearized modes become degenerate (e.g. some massive modes become massless) and that new so-called 'logarithmic modes' appear in the spectrum. The spectrum of linearized modes then organizes itself in nontrivial Jordan cells of the AdS Hamiltonian. Points in the parameter space of GMG for which this phenomenon happens are often called 'critical points' and GMG at such a point is then referred to as a 'critical gravity' theory. The parameter space of GMG allows for several such points, where different modes become degenerate and different logarithmic modes appear. Critical gravity theories can also be found in higher dimensions with similar properties [7] [8] [9] . For other approaches to massive supergravity in four dimensions, see e.g. [10] .
The appearance of Jordan cells in critical gravity led to the conjecture that critical gravity theories can provide gravitational duals of log CFTs, where e.g. the energy momentum tensor acquires logarithmic partner operators. This duality is often called the AdS/log CFT correspondence and it conjectures that the logarithmic gravity modes are dual to sources and vevs for logarithmic partner operators in the CFT spectrum. The non-diagonalizability of the AdS Hamiltonian is thus translated into the non-diagonalizability of the CFT Hamiltonian. As there are various critical points in the parameter space of GMG, various versions of the AdS/log CFT correspondence have been proposed, within the context of GMG alone. The AdS/log CFT correspondence has been checked rather extensively during recent years. In particular, holographic techniques, such as holographic renormalization have been extended to take the presence of logarithmic modes into account and two-and three-point functions have been calculated on the gravity side and were found to be compatible with those of log CFTs. Similarly, one-loop partition functions of critical gravity theories were found to agree with the partition functions of log CFTs, to the extent that the latter are known. We refer to the review [3] for details and references.
In contrast to the purely bosonic case, supersymmetric versions of the AdS/log CFT correspondence have not been studied much in the literature yet. In order to do that, a better understanding of the supermultiplet structure of the various linearized modes at a critical point of the dual gravity theory is required. This has been investigated in fourdimensional N = 1 critical supergravity models in [11] . For the purpose of studying the AdS/log CFT correspondence, the three-dimensional case is however more interesting, as the conjectured two-dimensional log CFTs are better understood than their higher-dimensional counterparts and the conjecture might thus be checked in more specific detail. Furthermore, the parameter space of three-dimensional critical gravity models is typically richer than that of higher-dimensional models. In this paper, we will therefore consider supersymmetric threedimensional GMG models at various critical points and study how the various linearized modes form supermultiplets.
Various supersymmetric extensions of GMG exist in the literature. In particular, supersymmetric TMG has been constructed in [12] and N = 1 versions of full GMG have been constructed in [13] [14] [15] . The bosonic Lagrangian and supersymmetry transformation rules of off-shell N = (2, 0) and N = (1, 1) GMG have been obtained using the method of superconformal tensor calculus in [16] , while a full superspace construction is given in [17] [18] [19] . Some exact supersymmetric solutions of N = (2, 0) and N = (1, 1) GMG have been found in [20] [21] [22] . In this paper, we are going to consider the N = (1, 1) supersymmetrization of GMG. We prefer to consider N = 2 models over N = 1 models, since the supermultiplet structure is richer.
The N = (1, 1) multiplet e.g. contains a vector, that is dynamical in the GMG theory. We do not consider the N = (2, 0) models in this paper, since unlike N = (1, 1) models these do not seem to have supersymmetric AdS vacua with ghost-free spectrum, when higher-derivative terms are present [16] . We will thus start from the N = (1, 1) theories of [16] and perform a linearization of the theory around its maximally supersymmetric AdS vacuum, to study the spectrum of linearized modes and their linearized supersymmetry transformation rules. This will allow us to identify various critical points where logarithmic modes appear and to study the structure of the supermultiplets to which these logaritmic modes belong. In particular, we will show that there are four classes of critical points. One class is characterized by the fact that there is one supermultiplet containing logarithmic modes, along with massless and massive modes. A second class contains two such supermultiplets. A third class contains a supermultiplet with logarithmic and doubly logarithmic modes, along with massless and massive modes. Finally, the fourth class contains a supermultiplet of massive and logarithmic massive modes. We will devote special attention to the supersymmetry transformation rules that connect the various modes in the supermultiplets at critical points. In particular, we will see that for the first three classes of critical points, some of the supersymmetry transformations are not invertible. This is similar to what has been observed in four-dimensional N = 1 critical supergravity [11] .
The outline of this paper is as follows. In section 2, we review the bosonic Lagrangian and off-shell supersymmetry transformation rules of N = (1, 1) GMG. The fermionic terms of the Lagrangians of N = (1, 1) GMG are not given in [16] . Since our analysis requires the linearized fermionic equations of motion, we will here also construct the full linearized Lagrangian, including fermionic terms, starting from the linearized bosonic Lagrangian and supersymmetry transformation rules. The spectrum of linearized modes, along with their linearized supersymmetry transformation rules for generic non-critical points in parameter space, is then studied in section 3. These results are then used as a starting point for section 4, where the various critical points are discussed and the supermultiplets of logarithmic modes are identified and discussed. We end with conclusions and an outlook for future work in section 5. Finally, appendix A contains some useful notation and conventions.
2 Linearized N = (1, 1) General Massive Supergravity
In this section, we will consider N = (1, 1) General Massive Supergravity and its linearization around the maximally supersymmetric AdS 3 vacuum. Special attention will be given to the fermionic terms in the linearized action, that have not appeared in the literature before and that will be derived here by supersymmetrizing the linearized bosonic action.
N = (1, 1) General Massive Supergravity
The field content of the off-shell N = (1, 1) supergravity multiplet is given by the vielbein e µ a , a vector field V µ , a complex scalar S and two Majorana gravitini, that we will combine in a complex Dirac spinor Ψ µ . The off-shell supersymmetry transformation rules were derived in [16, [23] [24] [25] ]
where
We refer to appendix A for our notation and conventions regarding complex spinors.
The most general N = (1, 1) supergravity action that includes up to four derivatives has been derived in [16] . This in particular includes an N = (1, 1) supergravity version of General Massive Gravity, which will be the focus of this paper. The bosonic part of the Lagrangian is given by
where F µν denotes the field strength of V µ and A and B are the real and imaginary parts of the auxiliary field S:
The bosonic part of ordinary N = (1, 1) supergravity, in the presence of a cosmological constant is obtained from (3) by sending (µ, m 2 ) → ∞. Similarly, the limit m 2 → ∞ leads to N = (1, 1) Topologically Massive Supergravity and the limit µ → ∞ corresponds to the N = (1, 1) supergravity version of New Massive Gravity (NMG) [5] . The bosonic part of (off-shell) N = (1, 0) Topologically Massive Supergravity studied in [26] can be found from (3) by sending m 2 → ∞, truncating the vector field V µ , putting the scalar field B = 0 and restricting all spinors to be Majorana instead of Dirac. This theory admits a maximally supersymmetric AdS 3 background given bȳ
where here and in the following, we will denote background quantities with a bar and ℓ is the AdS length. It is related to the cosmological constant Λ via Λ = −1/ℓ 2 and to the parameters appearing in (3) via
The fermionic terms of the N = (1, 1) General Massive Supergravity were not given explicitly in [16] . Since, in this paper we will be concerned with studying solutions of all equations of motion, linearized around the background (5), we are also interested in the linearization of the fermionic terms 1 . We will obtain these in the next section, by supersymmetrizing the linearization of the bosonic action (3).
Linearized
In this section, we will construct linearized N = (1, 1) General Massive Supergravity, starting from the linearization of the action (3). We therefore split all bosonic fields in their background values (5) and small fluctuations
where κ is the gravitational coupling constant. Using this ansatz, we find the following Lagrangian for the bosonic part of linearized N = (1, 1) General Massive Supergravitȳ
In this Lagrangian, we have introduced the linearized Einstein tensor G µν (h), Cotton tensor C µν (h) and a tensor K µν (h). The first two are defined as
h =ḡ µν h µν and∇ µ denotes a derivative that is covariantized with respect to the background Levi-Civita connection. The tensor K µν (h) is then defined in terms of the Cotton tensor via
The field strength f µν of v µ is defined in the usual way
The linearized action (8) is invariant under the following linearized diffeomorphisms
In particular, G µν (h), C µν (h) and K µν (h) are invariant under this gauge transformation. Using the ansatz (7), supplemented with
one can linearize the transformation rules (1). The result is δh µν =ǭγ (µ ψ ν) + h.c. ,
(withD µ the spinor derivative that is covariantized with respect to the background spin connection) and the supersymmetry parameter ǫ satisfies the Killing spinor equation:
In order to find the supersymmetric completion of the linearized action (8), we define the following tensorsR
These tensors are the fermionic equivalents of the bosonic tensors (9) and (11) that are defined in terms of the metric perturbation. They are invariant under the following fermionic symmetry:
that is a remnant of local supersymmetry transformations. One can use them to construct the fermionic terms in the supersymmetric completion of (8) . In order to do so, one needs their variations under the linearized supersymmetries (15). We find:
Using the above transformation rules, it can be checked that the following three expressions are supersymmetric invariants:
and the supersymmetrization of (8) is thereforē
3 The non-critical spectrum
In this section, we will study the spectrum of linearized modes propagated by the Lagrangian (21), for generic values of its parameters. The equations of motion derived from (21) are:
where we have defined
For Ω = 0, the scalar field s does not appear in the Lagrangian (21), while for Ω = 0 one finds that s = 0. In either case, there are no propagating modes associated to s. The modes propagated by the other equations are best analyzed by adopting certain gauge choices that fix the residual linearized diffeomorphisms (13) and local fermionic symmetry (18) . We will now discuss each of these in turn.
Graviton spectrum
In order to discuss the physical modes described by (22)- (25), we will choose the transversetraceless gauge that fixes the linearized diffeomorphisms (13):
This gauge choice is always possible. In particular, one can always consider a family of gauges, parametrized by a constant c [11] :
Using this gauge choice in the trace of (22), one gets
For c = 1, one sees that (28) reduces to the transverse-traceless gauge as a consequence of the equation of motion. For c = 1, one can easily see that linearized diffeomorphisms with parameter ξ µ = ∂ µ ξ, where ξ obeys
preserve the gauge choice (28) . This residual gauge transformation acts on h as δh = 2∇ µ∇ µ ξ ∼ ξ and can thus be fixed by setting h = 0, showing that one can again adopt a transverse-traceless gauge. Adopting the gauge choice (27) , the equation of motion (22) simplifies and can be most easily written down using the differential operators
In terms of these, the gauge fixed field equation for h µν can be written as
where η 1,2 obey
For generic parameter values, η 1 and η 2 will be different from each other and from ±1. If this is the case, we see from (32) that the solution spectrum generically contains 2 'massless'
These modes are non-propagating in the AdS 3 bulk, but can lead to interesting dynamics on the boundary of AdS 3 . For this reason, they are often called 'boundary gravitons'. In addition to these, the equation (32) also propagates two massive graviton modes h µν (η 1,2 ) that obey
We will discuss what happens for specific parameter values for which {1, −1, η 1 , η 2 } are not all different in section 4.
Gravitino spectrum
In order to discuss the gravitino spectrum, we have to fix the fermionic symmetry (18) . This can be done by adopting the gauge choice
Contracting the gravitino equation of motion (25) with γ µ , one finds
so that, generically, the gauge choice (36) together with the gravitino equation of motion implies thatD
Upon using (36) and (38), the gravitino equation of motion simplifies to
It is useful to split the Dirac gravitino ψ µ in two Majorana gravitini ψ µ 1,2 , with ψ µ = ψ µ 1 + iψ µ 2 as in (88). The gravitino equation of motion (39) can then be factorized as
Generically, the spectrum thus contains 2 'massless' boundary gravitino modes ψ L µ , ψ R µ that obey
Similar to the graviton case, these modes are non-propagating in the AdS 3 bulk but can nevertheless have non-trivial boundary dynamics. In addition to these, one finds four propagating massive Majorana modes ψ − µ (η 1,2 ), ψ + µ (η 1,2 ) that are solutions of the equations
Note that the modes ψ L µ and ψ − µ (η 1,2 ) are solutions for the real part ψ µ 1 of the Dirac gravitino ψ µ , while the modes ψ R µ and ψ + µ (η 1,2 ) are solutions for the imaginary part ψ µ 2 . The massless mode ψ L µ can be obtained from the massive modes ψ − µ (η 1,2 ) by putting η 1,2 = 1:
Similarly, the massless mode ψ R µ is obtained from the massive modes ψ + µ (η 1,2 ) by putting η 1,2 = −1: ψ + µ (−1) = ψ R µ . For generic parameter values however, all the above gravitino modes are distinct. We will discuss what happens at special parameter values for which some of these modes seemingly coincide in section 4.
Vector spectrum
The equation of motion (24) for v µ can be simplified for generic parameter values. For Ω = 0, contracting (24) with∇ µ leads to
so that v µ is divergence-less∇
as a consequence of its equation of motion. If Ω = 0, the equation (24) becomes invariant under an accidental U(1) gauge symmetry δv µ = ∂ µ Λ and one can still impose (44) as a gauge fixing condition. Using this, one finds that (24) simplifies to
This can be rewritten as
Summarizing, we find that the original vector equation of motion generically is equivalent to
One can thus see that the physical spectrum contains 2 massive vector modes v µ (η 1,2 ), that obey
Note that there are no massless vector modes, unlike for the graviton and gravitino.
Supersymmetry properties
The linearized modes of the previous subsection naturally organize themselves in two massless supermultiplets {h
We will now calculate the supersymmetry transformation rules that connect the various modes in each supermultiplet. Note that the gauge fixing conditions that were imposed in the previous subsections are generically not left invariant under the linearized supersymmetry transformations of (15) . These transformation rules therefore have to be modified with compensating linearized diffeomorphisms (13) and fermionic symmetries (18) , such that the modified transformations preserve all gauge choices. In this subsection, we will first obtain the required compensating transformations. We will then show how the linearized modes transform into each other under the modified supersymmetry transformations.
Compensating transformations
Since the analysis of physical modes of section 3.2 was done using Majorana spinors instead of Dirac spinors, we will similarly study their supersymmetry properties in terms of real Majorana spinors. Splitting the Dirac spinors into real and imaginary parts as in eq. (88), one finds that the supersymmetry transformation of the metric perturbation given in (15) can be rewritten as:
One then immediately sees that the gauge condition h = 0 is invariant under supersymmetry, by virtue of the gauge conditions γ µ ψ µ 1,2 = 0. The gauge condition∇ ν h µν = 0 is however not preserved by supersymmetry. In order to maintain its invariance under supersymmetry, the rule (49) thus needs to be modified with a compensating diffeomorphism. The transformation rules of the massless multiplets can be obtained as a special case of those of the massive ones. In order to calculate the required compensating transformations, we will thus first focus on the massive multiplets. In that case, h µν corresponds to the modes h µν (η 1,2 ) and the gravitini ψ µ 1 , ψ µ 2 correspond to modes ψ − µ (η 1,2 ), ψ + µ (η 1,2 ) respectively. The following does not depend on which of the η 1,2 is considered, so we will for simplicity denote η 1,2 by η below. One finds that under supersymmetry
This transformation rule is obtained without using the linearized equations of motion. Note that the last two terms of (50) are zero on-shell, according to equation (42). In the next section we will be interested in critical points in parameter space, where the gravitini no longer obey a first order equation and these terms can then no longer be assumed to be zero. As we will explain later, the supersymmetry transformation rules of the modes at these critical points can be obtained from those away from the critical points via a limiting procedure. This procedure requires that one keeps track of terms (up to a certain order in derivatives) in the compensating transformations that are zero on-shell away from the critical points. In order to simplify the discussion later, we will in this section already keep track of such terms. One can then propose the following ansatz for the parameter ξ µ of compensating diffeomorphisms
where we have included terms that are zero on-shell, for the reason explained above. As will be outlined in section 4, for the calculation of the transformation rules at the critical points, it will be sufficient to keep such terms up to second order in derivatives and assume that
The coefficients a 1 , · · · , c 2 appearing in (51) depend on η and can be found by requiring that
upon using (52). The resulting diffeomorphism parameter is given by
where we have introduced the notation
One can discuss compensating transformations for the gravitini in a similar way. The transformation rule for the real and imaginary parts of the Dirac gravitino ψ µ is given in terms of Majorana spinors by
while the fermionic symmetry (18) is given by
We will again focus on the massive multiplets first, for which h µν is given by h µν (η), ψ µ 1 , ψ µ 2 correspond to ψ − µ (η), ψ + µ (η) and v µ to v µ (η). One finds that
Note that away from critical points the last terms in δ D µ ψ ± µ (η) are zero on-shell but we keep them for the upcoming analysis. We then make the following ansatz for the compensating ζ 1,2 -parameters:
where we again kept terms that are zero on-shell, up to the order of derivatives that will be sufficient for the discussion in section 4. The coefficients a 1 , · · · , b 2 depend on η and are fixed by requiring that
with (D(η) 2 v) µ = 0. One finds
Finally, we note that the condition∇ µ v µ = 0 is preserved by the gauge fixed supersymmetry transformation rules of (15), so no compensating transformation is required for δv µ (η).
Multiplet structure
The supersymmetry transformation rules of the modes of the massive multiplets can now be obtained, by adding the compensating diffeomorphisms and fermionic ζ-symmetry of the previous subsection to the rules of equations (15) . One obtains
Note that in order to obtain these transformation rules, we have assumed that we are working away from any critical points, i.e. that all modes obey first order equations of motion. The above transformation rules should be viewed as solution generating transformations, in the sense that plugging in solutions of the linearized field equations in them, leads to new solutions. One can indeed check that δh µν (η 1,2 ), δψ ± µ (η 1,2 ), δv µ (η 1,2 ) obey the correct linearized field equations.
Since h µν (1) = h L µν and ψ − µ (1) = ψ L µ , one can find the supersymmetry transformations of the massless {h L µν , ψ L µ } multiplet by setting η 1,2 = 1 in (62). Some of the terms in the above transformation rules diverge when setting η 1,2 = 1. These terms however involve the modes v µ (1) and ψ + µ (1) and these can be consistently truncated by virtue of the equations of motion of h L µν and ψ L µ . One then finds that h L µν and ψ L µ only transform into each other via the ǫ 1 -supersymmetry according to
The transformations of the other massless multiplet {h R µν , ψ R µ } are then found in a similar way by setting η 1,2 = −1 and truncating ψ − µ (−1) and v µ (−1):
The modes in these multiplets transform into each other via the two supersymmetries ǫ 1,2 in a way that can be summarized in the following diagrams:
Here, the gauge fixed equations of motion assume the form
From this one infers that the spectrum consists of one massless multiplet
The modes of the log multiplet obey the following equations:
The log modes h
defined in this way are only determined up to the addition of massless modes h L µν , ψ L µ . This is why we include them in the log multiplet, even though h L µν and ψ L µ transform into each other under the ǫ 1 -supersymmetry. That these massless modes belong to the 'log' multiplet is also evident from the fact that (h log L µν , h L µν ) and (ψ log L µ , ψ L µ ) taken together form an indecomposable, non-diagonalizable representation of the Hamiltonian, that takes the form of a rank-2 Jordan cell [3, 4, 9, [26] [27] [28] [29] .
In order to get solution generating supersymmetry transformation rules, we again have to take into account compensating transformations. These can however be easily derived from the η → 1 limits of the compensating diffeomorphism and ζ-transformation parameters given in equations (54), (61). Adding for instance a compensating diffeomorphism with parameter ξ µ (η) given in (54), we get the following rule
where the · · · contain terms that involve
and an ǫ 2 transformation 2ǭ 2 γ (µ ψ + µ) (η) together with compensator terms for this ǫ 2 transformation that involve g(η) defined in (55). We can then consider this rule in the η → 1 limit and see what happens when one plugs in ψ L ν or ψ log L ν for the gravitino mode ψ − ν (η). Since g(η) diverges in the η → 1 limit, one finds that there exists no compensator for the ǫ 2 supersymmetry. The latter can thus not be used as a solution generating symmetry. In the η → 1 limit, the terms involving
This transformation rule obeys the gauge fixing conditions for the metric perturbation and thus indeed contains the correct compensating transformations. Replacing lim η→1 ψ − µ (η) by ψ L µ , we find that the last two terms of (69) vanish, while the first two are annihilated by D(1). We can thus conclude that an ǫ 1 transformation can be used to generate a massless graviton solution from a massless gravitino one:
If one replaces
, one finds that the right hand side is annihilated by D(1) 2 . In this way, an ǫ 1 transformation generates a graviton log mode from a gravitino one:
A similar discussion holds for δψ − µ (η). In this case, we found in subsection 3.4.1 that only the ǫ 2 transformation needed a ζ 1 -compensator. The compensator derived in (61) however diverges in the η → 1 limit, implying that the ǫ 2 -supersymmetry cannot be used as a solution generating symmetry. In the limit η → 1, δψ − µ (η) thus only contains the ǫ 1 -supersymmetry
Replacing lim η→1 h µν (η) by h L µν , one finds that the right-hand-side is annihilated by ( / D+ 1 2ℓ ) and hence that a massless gravitino mode is generated from a massless graviton one δψ
Replacing lim η→1 h µν (η) by h log L µν , one finds that the right-hand-side of (72) is annihilated by ( / D + 1 2ℓ ) 2 and hence that a logarithmic gravitino mode is generated from a logarithmic graviton one
Finally, for the massive modes ψ + µ (1) and v µ (1) one similarly reasons to obtain the following solution generating supersymmetry transformation rules
The transformation properties of the various modes in the log multiplet can be summarized in the following diagram:
' ' P P P P P P P P P P P P P
• Case 2: η 1 = ±1, η 2 = ∓1. Let us consider the case η 1 = 1, η 2 = −1 without loss of generality. This corresponds to a choice of parameters for which
Here, the gravitational Chern-Simons term and its supersymmetrization are thus absent and one recovers the N = (1, 1) supersymmetrization of NMG [5] . The four-dimensional counterpart of this case was studied in [11] . Here, the equations of motion take the form:
In this case, there are two log multiplets of the type we encountered in the previous case: {h
Their supersymmetry transformation rules can be determined as in the previous case.
They can be summarized in the following diagrams:
The spectrum thus consists of one massless multiplet {h R µν , ψ R µ } and one 'log 2 multiplet' {h
This multiplet thus consists of log modes that are defined as previously, as well as log 2 modes that obey
The log 2 modes are only defined up to the addition of massless modes h L µν , ψ L µ and log modes h
, ψ L µ ) taken together form an indecomposable, non-diagonalizable representation of the Hamiltonian, that takes the form of a rank-3 Jordan cell [29] . Solution generating supersymmetry transformation rules can be obtained as before. As in the previous two cases one finds that some of the supersymmetry transformations are not invertible, due to the fact that the necessary compensating transformations diverge for η = 1.
Solution generating supersymmetry transformations can be obtained using the compensating diffeomorphisms (54) and fermionic symmetry (61), following the reasoning outlined in case 1. Here, all higher derivative terms given in (54) and (61) contribute to the compensating transformations. The transformation properties of the various modes in the log multiplet can be summarized in the following diagram:
Since none of the compensating transformations diverge for these critical points, one finds that all supersymmetry transformations are invertible and the transformation properties can be summarized in the following diagram
Motivated by obtaining supersymmetric generalizations of the AdS/log CFT correspondence, we have considered three-dimensional N = (1, 1) supersymmetric GMG models. First, we have obtained the linearized supersymmetry transformation rules and linearized action, including fermionic terms of N = (1, 1) GMG and studied the spectrum of linearized fluctuations and how they assemble themselves in massless and massive spin-2 supermultiplets for generic points in parameter space. We have then looked at critical points in parameter space, where some of the massive modes become degenerate with massless or other massive modes and where so-called logarithmic modes appear. In particular, we have argued that there are four classes of critical points: one class where there is one supermultiplet containing logarithmic modes, along with massless and massive modes, a second class with two such supermultiplets, a third class that contains a supermultiplet with logarithmic and doubly logarithmic modes, along with massless and massive modes and finally, a fourth class with a supermultiplet of massive and logarithmic massive modes. For each of these classes, we have described the multiplet structure and given the supersymmetry transformation rules that connect the various modes. The results of this paper can be used as a starting point for several interesting research directions and extensions. For applications to the AdS/log CFT correspondence, it would be desirable to have a better understanding of representations of AdS superalgebras, where the AdS Hamiltonian acts in an indecomposable, non-diagonalizable fashion on the states. Since such representations are non-unitary, standard classification theorems for unitary representations no longer apply. In this paper, we have encountered several examples, that could be used to better develop the theory of such indecomposable representations of AdS superalgebras. As we have seen in this paper and as was observed in [11] , some of the supersymmetry transformations can be realized in a non-invertible manner in such multiplets. Another interesting direction concerns the application of the holographic dictionary to calculate twoand three-point correlators of the boundary stress-energy tensor in critical N = (1, 1) GMG. The results obtained in this way could then be compared with results for stress-energy correlators in supersymmetric log CFTs [30] [31] [32] . In order to calculate these correlators on the gravitational side, the strategy of [27] could be followed. One then needs explicit solutions for the non-normalizable modes, that arise as solutions of the linearized field equations. For the graviton modes, such solutions have been considered in the context of critical TMG in [27] . It would therefore be interesting to extend this analysis to the gravitino sector as well. Note that to be able to properly apply the holographic dictionary, the action typically needs to be supplemented with boundary terms in order to render the variational principle well-defined. Such boundary terms have typically been ignored in the construction of supersymmetric GMG models and their inclusion therefore gives a novel direction for further research. Let us note that in the case of three-dimensional Einstein gravity the boundary term that is required for a well-defined variational principle coincides with the boundary term obtained by requiring supersymmetry in the presence of a boundary, without imposing boundary conditions on the fields [33] . It would be interesting to see whether the reasoning of [33] can be applied to (supersymmetric) GMG as well. 
A Notation and conventions
When dealing with complex Dirac spinors, we have adopted the conventions of [16] . The Minkowski metric is taken to have mostly plus signature: η ab = diag(−1, 1, 1) and the gamma matrices are taken such that they satisfy the Clifford algebra relation {γ a , γ b } = 2η ab 1. Given an irreducible (2 × 2)-dimensional Clifford algebra representation, the matrices (γ a ) † , −(γ a ) T and (γ a ) * are similar to the gamma matrices γ a . The similarity matrices are γ 0 , the charge conjugation matrix C and a matrix B respectively:
The charge conjugation matrix C and the matrix B satisfy the following properties:
and
For Dirac spinors, we use two different definitions of the conjugate spinors:
Majorana spinors are defined as spinors that satisfy the Majorana condition ǫ * = Bǫ. For Majorana spinors, one then has thatǭ =ǫ. A Dirac spinor ǫ can then be split up in real and imaginary parts:
Here, the real and imaginary parts ǫ 1 and ǫ 2 are Majorana spinors. In this paper, we will denote the real and imaginary parts of a Dirac spinor with a subindex 1 and 2 respectively. We refer to [16] for further properties and useful calculational tips.
